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HEPCOS, Department of Physics, SUNY at Buffalo, Buffalo, NY 14260-1500
We investigate gravitational collapse of a (3 + 1)-dimensional BTZ black string in AdS space in
the context of both classical and quantum mechanics. This is done by first deriving the conserved
mass per unit length of the cylindrically symmetric domain wall, which is taken as the classical
Hamiltonian of the black string. In the quantum mechanical context, we take primary interest in
the behavior of the collapse near the horizon and near the origin (classical singularity) from the
point of view of an infalling observer. In the absence of radiation, quantum effects near the horizon
do not change the classical conclusions for an infalling observer, meaning that the horizon is not an
obstacle for him/her. The most interesting quantum mechanical effect comes in when investigating
near the origin. First, quantum effects are able to remove the classical singularity at the origin,
since the wave function is non-singular at the origin. Second, the Schro¨dinger equation describing
the behavior near the origin displays non-local effects, which depend on the energy density of the
domain wall. This is manifest in that derivatives of the wavefunction at one point are related to the
value of the wavefunction at some other distant point.
I. INTRODUCTION
It is well know that gravity is the weakest of the four
fundamental forces of nature, therefore it is expected that
quantum effects will only become important in regions of
very strong curvature, for example near classical singu-
larities. These classical singularities are an endemic at-
tribute of general relativity, as originally shown by Hawk-
ing and Penrose (see Ref. [1]). However, it is expected
that these singularities are only a reflection of our lack of
an ultimate theory, one which is valid for all regimes. As
a result, the general belief is that a full version of quan-
tum gravity will rid gravitation of singularities, similar to
how quantization rid other theories of similar singularity
issues.
A good theoretical backdrop to investigate gravita-
tional quantization near classical singularities is in the
context of black hole physics. A common example is
found in the investigation of gravitational collapse of a
massive object, i.e. a collapsing star or another gravi-
tating body (see for example Ref. [2]). In most cases,
one considers a spherically symmetric object while taking
into account different aspects of the body, such as mass,
charge and angular momentum. However, an interesting
question arises when one considers different topologies
other than spherically symmetric. Does the topology of
the collapsing object or background space-time play a
role in the quantum effects of gravitational collapse?
To answer this question we consider the gravitational
collapse of a BTZ black string in anti-De Sitter space
(AdS). In 1992 it was discovered by Ban˜ados, Teitelboim,
and Zanelli (see Ref. [4]) that in (2+1)-dimensional grav-
ity with negative cosmological constant, there are black
hole solutions present. The existence of these objects,
generally called BTZ black holes, is surprising given that
the classical theory is “trivial” in the absence of the cos-
mological constant, see for example Ref. [5]. The solution
was originally intended to be a lower-dimensional analog
of general relativity, without the complications manifest
in the higher-dimensional gravitational theory. However,
the BTZ solution can be extended to the full (3 + 1)-
dimensional theory by taking the direct product of the
(2 + 1)-dimensional BTZ solution with another spatial
dimension. It is well known that in (3 + 1)-dimensions,
the BTZ solution takes the form of a cylinder, gener-
ally known as a black string. In this paper we wish to
examine the classical and quantum solutions for gravi-
tational collapse of the (3 + 1)-dimensional BTZ black
string and investigate if they demonstrate similar prop-
erties found in spherically symmetric solutions, such as
the Schwarzschild solution. Investigations of the classical
equation of motion for the BTZ black string have been
performed by several other authors in the past, see for
example Refs. [6–8], while quantum solutions have been
investigated in Refs. [17, 19].
In Section II we review the Gauss-Codazzi equa-
tions. The Gauss-Codazzi equations investigate a
three-dimensional hypersurface embedded in a four-
dimensional space-time. In Section III we derive the
conserved mass per unit length for the BTZ black string
using the Gauss-Codazzi equations found in Section II.
In Section IV we study the classical equations of motion
from the point of view of both an asymptotic and in-
falling (one who is falling together with the collapsing
domain wall) observer. The most important results are
presented in Section V where we study the collapse from
the point of view of an infalling observer in the context of
quantum mechanics utilizing a minisuperspace version of
the functional Schro¨dinger equation originally developed
in Ref. [3]. In Section VB1 we explore quantum effects
in the near-horizon limit for an infalling observer and
show that, in the absence of quantum radiation, classical
conclusions remain true, i.e. the horizon is no obstacle
for an infalling observer. In Section VB2 we explore the
quantum effects near the origin (i.e. classical singular-
ity) and demonstrate two results: a) the wavefunction
describing the collapsing domain wall is non-singular at
the origin, and b) the non-local effects, which were ab-
sent at large distances, become unsuppressed in this near
origin regime.
2We do remark that these conclusions are in the ab-
sence of quantum radiation, fields propagating in the
background of the collapsing domain wall, which may in-
troduce new elements. In Section VI we summarize our
conclusions.
II. THE EQUATIONS
Here we follow the techniques developed in Ref. [9].
Let S denote a three-dimensional time-like hypersurface
containing stress-energy and let ξa be its unit spacelike
normal (ξaξ
a = 1). The three-metric intrinsic to the
hypersurface S is
hab = gag − ξaξb (1)
where gab is the four-metric of the space-time. Here hab is
known as the projected tensor for the hypersurface S, see
Ref. [11]. This is due to the fact that, when acting hab on
a vector va, it will project it tangent to the hypersurface,
hence orthogonal to ξa,
(habv
a)ξb = gabv
aξb − ξaξbvaξb
= vaξa − vaξa
= 0.
Let ∇a denote the covariant derivative associated with
gab and let
Da = ha
b∇b, (2)
henceDa is the covariant derivative on the induced three-
dimensional hypersurface. The extrinsic curvature of S,
denoted by piab, is defind by
piab ≡ Daξb = piba. (3)
The extrinsic curvature depends on how the hypersur-
face is embedded in the full four-dimensional space-time.
The extrinsic curvature is used to differentiate different
topologies. For example, intrinsic geometry of a cylinder
and a torus can be flat, however, we know the exterior
geometry of each is different. This different topology is
given in the extrinsic curvature, which will tell us that
we are actually on a torus or a cylinder.
The contracted forms of the first and second Gauss-
Codazzi equations are then given by
3R+ piabpi
ab − pi2 = −2Gabξaξb (4)
habDcpi
ab −Dapi = Gbchbaξc. (5)
Here 3R is the Ricci scalar curvature of the three-
geometry hab of S, pi is the trace of the extrinsic curva-
ture, and Ga
b is the Einstein tensor in four-dimensional
space-time.
Here we will be working with infinitely thin domain
walls. The stress-energy tensor Tab of four-dimensional
space-time then is assumed to have a δ-function singu-
larity on S. This in turn implies that the extrinsic curva-
ture has a jump discontinuity across S, since the extrinsic
curvature is analogous to the gradient of the Newtonian
gravitational potential. Therefore we can introduce
γab ≡ pi+ab − pi−ab (6)
which is the difference between the exterior and interior
extrinsic curvatures, and
Sab ≡
∫
dlTab, (7)
where l is the proper distance through S in the direc-
tion of the normal ξa, and where the subscripts ± refer
to values just off the surface on the side determined by
the direction of ±ξa. Hence the direction for, say +ξa
will be in the direction of the exterior geometry of the
domain wall, while −ξa will denote the direction of the
interior geometry of the domain wall. As we shall discuss
below, these geometries will be different for the case of
the spherically symmetric domain wall. Using Einstein’s
and the Gauss-Codazzi equations, one can show that (see
Ref. [10])
Sab = − 1
8piGN
(γab − habγcc) . (8)
We can also introduce the “average” extrinsic curvature
p˜iab =
1
2
(pi+ab + pi−ab) (9)
which will be important later.
A. The Surface Stress-Energy Tensor
Here we restrict ourselves to sources for which the
stress energy tensor is given by, see Ref .[9]
Sab = σuaub − η (hab + uaub) (10)
which is the material source consisting of a perfect fluid.
In Eq. (10) ua is the four-velocity of any observer whose
world line lies within S and who sees no energy flux in
his local frame, and where σ is the energy per unit area
and η is the tension measured by the observer. For a
dust wall it is well known that η = 0, while for a domain
wall η = σ. For a domain wall Eq. (10) reduces to
Sab = −σhab. (11)
We also note that the four-velocity ua is a time-like unit
vector orthogonal to the space-like unit normal ξa, i.e.,
uau
a = −1, ξaua = 0, ξaξa = +1.
3B. Attractive Energy
Here we derive equations for an observer who is hov-
ering just above the surface S on either side. Let the
vector field ua be extended off S in a smooth fashion.
The acceleration
ua∇aub = (hbc + ξbζc)ua∇auc
= hbcu
a∇auc − ξbuaucpiab (12)
has a jump discontinuity across S since the extrinsic cur-
vature has such a discontinuity. The perpendicular com-
ponents of the accelerations of observers hovering just off
S on either side satisfy
ξbu
a∇aub
∣∣∣
+
+ ξbu
a∇aub
∣∣∣
−
=− 2uaubp˜iab
=− 2 η
σ
(hab + uaub)p˜iab
(13)
and
ξbu
a∇aub
∣∣∣
+
− ξbua∇aub
∣∣∣
−
= −uaubγab
= 4piG(σ − 2η). (14)
Here we comment on the presence of the second term on
the right hand side of Eq. (13). This term takes into ac-
count the contributions to the energy-tensor Tab which
are present in the vacuo on opposite sides of S. For ex-
ample, if there is only mass present, then Tab vanishes off
the shell, hence the second term is zero. In the case of
charge present, then Tab does not vanish, then the con-
tribution to Tab outside can be taken from the Maxwell
tensor.
III. BTZ BLACK STRING IN (3+1)
DIMENSIONS
For a cylindrical shell of stress-energy, let the unit nor-
mal ξ+ point in the outward radial direction. It is well
known that asymptotic flatness and cylindrical symmetry
(assuming that the domain wall is infinitely long) requires
that the interior geometry is flat (Birkhoff’s theorem).
For the external geometry we will choose an arbitrary
metric. We will then consider the BTZ black string in
(3 + 1) dimensions.
Here we take the exterior metric as,
(ds2)+ =− f(r)dt2 +
1
f(r)
dr2 + r2
(
dφ2 + dz2
)
(15)
and
(ds2)− = −A(r)dT 2+ 1
A(r)
dr2+r2
(
dφ2 + dz2
)
. for r < R(t)
(16)
Here the equation of the wall is
r = R(t). (17)
One finds for the components of ua and ξa (a = t or
T, r, φ, z, in that order)
(ua+) = (βf
−1, Rτ , 0, 0), (u
a
−) = (αA
−1, Rτ , 0, 0),
(ξa+) = A(−Rτ , βf−1, 0, 0), (ξa−) = (−Rτ , αA−1, 0, 0).
(18)
Here Rτ = dR/dτ , where τ is the proper time of an
observer moving with four-velocity ua at the wall, and
α ≡ATτ =
√
A+R2τ , (19)
β ≡ftτ =
√
f +R2τ . (20)
These expressions and the definitions Eqs. (2), (3) and
(9) imply that
(hab + uaub)p˜iab = (ξ
r
+ + ξ
r
−)
1
R
, (21)
and
ξbu
a∇aub
∣∣∣
+
=
1
β
[
Rττ +
f ′
2
+
(f + 2R2τ )Rτ
2f2
(fτ − f ′Rτ )
]
=
1
β
[
Rττ +
f ′
2
]
(22)
ξbu
a∇aub
∣∣∣
−
=
1
α
[
Rττ +
A′
2
+
(A+ 2R2τ )Rτ
2A2
(Aτ −A′Rτ )
]
=
1
α
[
Rττ +
A′
2
]
(23)
where
f ′ =
df(r)
dr
∣∣∣
r=R(t)
and
A′ =
dA(r)
dr
∣∣∣
r=R(t)
.
In the second line in a+ we used that
fτ = f
′Rτ
and in the second line in a− we used that
Aτ = A
′Rτ .
Substituting into Eqs. (13) and (14) then yields the equa-
tions of motion
(α+ β)Rττ =− 2 η
σ
αβ(α + β)
R
− αf
′
2
− βA
′
2
(24)
(α− β)Rττ =4piαβG(σ − 2η)− αf
′
2
+
βA′
2
. (25)
Taking the ratio of Eqs. (24) and (25) allows us to elim-
inate Rττ from the expression.
4Here we make some general comments on Eqs. (24)
and (25). Rττ is always negative provided η, f
′, A′ ≥ 0.
Hence a cylindrical domain wall with η ≥ 0 will always
collapse to a black hole, regardless of its size. A quali-
tatively similar result was found in Ref. [12], where the
authors consider a Hamiltonian treatment of the gravi-
tational collapse.
From Ref. [13] we take that the metric coefficient f is
given as
f = −Λ
3
R2 − 4GM
R
(26)
and
A = −Λ
3
R2 (27)
where M is the mass per unit length in the z direction.
From the ratio of Eqs. (24) and (25) we then find the
mass to be given by
M = piσR2 (α+ β)
= piσR2
(√
−Λ
3
R2 +R2τ +
√
−Λ
3
R2 − 4GM
R
+R2τ
)
.
(28)
Solving explicitly for the mass one finds
M = 2piσR2
[√
−Λ
3
R2 +R2τ − 2piσGR
]
. (29)
It can be checked that Eq. (29) is a constant of motion,
which is done in Appendix A.
From Eqs. (26) and (27) we see that Eq. (24) is always
negative, i.e. collapsing, provided that Λ ≤ 0.
IV. CLASSICAL EQUATIONS OF MOTION
Here we investigate the classical equations of motion.
As discussed in Section III, the shell only collapses when
Λ < 0, thus hereafter we will only consider negative cos-
mological constant.
The effective action consistent with the conserved
quantity, Eq. (29), is given by
Seff = −2piσ
∫
dτR2
[√Λ
3
R
√
1 + 3
R2τ
ΛR2
−Rτ sinh−1
(√
3
ΛR2
Rτ
)
− 2piσGR
]
.
(30)
To proceed we wish to examine these equations from two
different viewpoints, those of the asymptotic and infalling
observers, respectively. First we will consider the asymp-
totic observer, followed by that of the infalling observer.
1. Asymptotic Observer
Here we are interested in the viewpoint of the asymp-
totic observer. Therefore we will transform Eq. (30) to
the viewpoint of the asymptotic observer with the help
of Eq. (20) as
Seff = −2piσ
∫
dtR2
[√ΛR2
3
√
f − (1− 3(ΛR
2)−1f)
f
R˙2
− R˙
√
f sinh−1
(√
3
ΛR2
R˙
√
f
f2 − R˙2
)
− 2piσGR
√
f − R˙
2
f
]
(31)
Therefore the effective Lagrangian expressed in terms of
the asymptotic observer’s time t is given by
Leff = −2piσR2
[√ΛR2
3
√
f − (1− 3(ΛR
2)−1f)
f
R˙2
− R˙
√
f sinh−1
(√
3
ΛR2
R˙
√
f
f2 − R˙2
)
− 2piσGR
√
f − R˙
2
f
]
(32)
The generalized momentum, Π, can be derived from
Eq. (32)
Π =
2piσR2√
f
[ 3
ΛR2
f3R˙
(f2 − R˙2)
√
f2 − (1 − 9(ΛR2)−2f)R˙2
+
√
ΛR2
3
R˙(1− 3(ΛR2)−1f)√
f2 − (1− 3(ΛR2)−1f)R˙2
+ f sinh−1
[
R˙
√
3
ΛR2
√
f
f2 − R˙2
]
− 2piσGRR˙√
f2 − R˙2
]
(33)
Thus the Hamiltonian in terms of R˙ is given by
H =
2piσR2√
f
[ 3
ΛR2
f3R˙2
(f2 − R˙2)
√
f2 − (1− 9(ΛR2)−2f)R˙2
+
√
ΛR2
3
f2
√
f
√
f2 − (1− 3(ΛR2)−1f)R˙2
− 2piσGRf
2
√
f
√
f2 − R˙2
]
.
(34)
To obtain H as a function of (R,Π), we need to elimi-
nate R˙ in favor of Π using Eq. (33). This can, in princi-
ple, be done but is very combersome. Instead we consider
5the limit when R is close to RH and f → 0. In the limit
f → 0 the denominators in Eq. (33) are equal, therefore
we can write
Π ≈ 2piµR
2R˙
√
f
√
f2 − R˙2
(35)
where
µ ≡
√
ΛR2H
3
− 2piσGRH (36)
and where RH is the horizon radius. Using Eq. (34) we
can then write the Hamiltonian as
H ≈ 2piµf
3/2R2√
f2 − R˙2
=
√
(fΠ)2 + f(2piµR2)2. (37)
Here we note that Eq. (37) has the form of a relativis-
tic particle,
√
p2 +m2, with a position-dependent mass
term.
The Hamiltonian is a conserved quantity and so, from
Eq. (37),
h =
f3/2R2√
f2 − R˙2
(38)
where h = H/2piµ is a constant. Solving Eq. (38) for R˙
we get
R˙ = ±f
√
1− fR
4
h2
, (39)
which, in the near horizon limit, takes the form
R˙ ≈ ±f
(
1− 1
2
fR4
h2
)
(40)
since f → 0 as R→ RH .
The dynamics for R ∼ RH can be obtained by solving
the equation R˙ = ±f . However, as R ∼ RH we can write
f ≈ ΛR
2
H
3
− 4GM
R
this then gives, to leading order in R−RH ,
R ≈ RH + (R0 −RH)e−Λt/3RH (41)
where R0 is the radius of the domain wall at t = 0. As
we are interested in the collapsing solution, we choose the
negative sign in the exponent. This solution implies that,
from the classical point of view, the asymptotic observer
never sees the formation of the horizon of the black hole,
since R(t) = RH only as t→ ∞. Thus, the time needed
for a collapsing object to cross its own horizon radius is
infinite from a point of view of a static outside observer.
2. Infalling Observer
The effective action for the infalling observer is given
in Eq. (30). Therefore the effective Lagrangian expressed
in terms of the infalling observer’s time τ is given by
Leff =− 2piσR2
[√Λ
3
R
√
1 + 3
R2τ
ΛR2
−Rτ sinh−1
(√
3
ΛR2
Rτ
)
− 2piσGR
]
. (42)
The generalized momentum, Π˜, can be derived from
Eq. (42)
Π˜ = 2piσR2 sinh−1
(√
3
ΛR2
Rτ
)
. (43)
The Hamiltonian (in terms of Rτ ) is
H = 2piσR2
[√
ΛR2
3
+R2τ − 2piσGR
]
(44)
which is just Eq. (29).
From Eq. (44) we can calculate Rτ to be
Rτ = ±
√√√√( h˜
R2
+ 2piσGR
)2
− ΛR
2
3
(45)
where h˜ = H/(2piσ). In our formalism, the Hamiltonian
is just the conserved mass, H = M (the value of which
can be viewed as an initial condition). As a zeroth order
approximation of Eq. (45), we can see that in the regime
R ∼ RH the velocity is a constant
Rτ ≈ ±
√√√√( h˜
R2H
+ 2piσGRH
)2
− ΛR
2
H
3
with solutions
R = R0 − τ
√√√√( h˜
R2H
+ 2piσGRH
)2
− ΛR
2
H
3
(46)
where we have chosen the minus sign since the shell is
collapsing and R0 is the initial position of the domain
wall at τ = 0. As another approximation, we take the
limit that Λ is small. The solution to Eq. (45) is then
R =
(
1
2piσG
[(
h+ 2piσGR30
)
e−6piσGτ − h])1/3 . (47)
By inspection, we can see that both Eqs. (46) and
(47) give that the domain wall will cross the horizon,
with respect to the infalling observer, in a finite amount
of proper time. In Figure 1 we compare the numerical
6solution of Eq. (45) versus the approximation given in
Eq. (47). As can be seen, even in the full numerical solu-
tion the domain wall crosses the horizon within a finite
amount of proper time. We can also see that the domain
wall will collapse to the classical singularity in a finite
amount of propertime as well.
0.5 1.0 1.5 2.0
Τ
0
4
6
8
10
R
FIG. 1: Here we plot R versus τ for solution of Eq. (45), rep-
resented by the solid line, and the approximation in Eq. (47),
represented by the dashed curve. Here the dashed horizontal
line is the position of the horizon.
V. QUANTUM MECHANICAL COLLAPSE
A. Asymptotic Observer
In this section, we will quantize the Hamiltonian
in terms of the asymptotic observer time t defined in
Eq. (37).
The classical Hamiltonian in Eq. (37) has a square root
and so we first consider the squared Hamiltonian
H2 = fΠfΠ+ f(2piµR2)2 (48)
where we have made a choice for ordering f and Π in
the first term. Now we apply the standard quantization
procedure. We substitute
Π = −i ∂
∂R
(49)
into the squared Schro¨dinger equation,
H2Ψ = −∂
2Ψ
∂t2
. (50)
Then we have
− f ∂
∂R
(
f
∂Ψ
∂R
)
+ f(2piµR2)2Ψ = −∂
2Ψ
∂t2
. (51)
To solve this equation, we define
u =
∫
dR
f
(52)
which gives
fΠ = −i ∂
∂u
. (53)
Eq. (51) then gives
∂2Ψ
∂t2
− ∂
2Ψ
∂u2
+ f(2piµR2)2 = 0. (54)
This is just the massive wave equation in a Minkowski
background with a mass term that depends on position.
Note that R needs to be written in terms of the coordi-
nate u and this can be done, in principle, by inverting
Eq. (52). However, care needs to be taken to choose the
correct branch since the region R ∈ (RH ,∞) maps onto
u ∈ (−∞,∞) and R ∈ (0, RH) maps onto u ∈ (0,−∞).
We are interested in the situation of a collapsing do-
main wall. In the region R ∼ RH , the logarithm in
Eq. (52) dominates. We look for wave-packet solutions
propagating toward RH , toward u→ −∞. In this limit
f ∼ eu → 0 (55)
and the last term in Eq. (54) can be ignored. Wave-
packet dynamics in this region is simply given by the
free wave equation, and any function of light-cone coor-
dinates (u ± t) is a solution. In particular, we can write
a Gaussian wave-packet solution that is propagating to-
ward the horizon
Ψ =
1√
2piz
e−(u+t)
2/2z2 (56)
where z is some chosen width of the wave-packet in the
u coordinate. The width of the Gaussian wave-packet
remains fixed in the u coordinate, while it shrinks in the
R coordinate via dR = fdu which follows from Eq. (52).
However, to get to the horizon, it must travel out to
u = −∞, and this takes an infinite amount of asymptotic
observer time. So we can conclude that the quantum
domain wall does not collapse to RH in a finite time,
as far as the asymptotic observer is concerned, so that
quantum effects considered here do not alter the classical
result that an asymptotic observer does not observe the
formation of an event horizon.
B. Infalling Observer
In this section, we will quantize the Hamiltonian in
terms of the infalling observer time τ defined in Eq. (29),
near the horizon and near the classical singularity.
1. Near horizon
The exact Hamiltonian is given by Eq. (29). However,
here again we have the difficulty of the square root term.
Unlike in the previous section, simply considering the
7Hamiltonian squared will not get rid of the square root.
Therefore we have to consider the regular Hamiltonian.
To simplify the analysis, we will consider the near horizon
limit as well as the limit where Rτ is small. This is indeed
a restriction to special motion of the domain wall, since
in general Rτ can be large near RH if the domain wall is
collapsing from a very large distance. However, one may
always choose initial conditions in such a way that the
initial position of the domain wall R(τ = 0) is very close
to RH .
In the limit of small Rτ and R ∼ RH the Hamiltonian
simplifies to
H = 2piσR2H
[√
ΛR2H
3
(
1 +
3
2ΛR2H
R2τ
)
− (2piσGRH)
]
.
(57)
In the same limit, the momentum reduces to
Π˜ = 2
√
3
Λ
piσRHRτ . (58)
Dropping the constant terms from the Hamiltonian we
get
H =
√
Λ
3
Π˜2
2piσRH
. (59)
Using the standard quantization procedure, we substitute
Π˜ = −i ∂
∂R
(60)
into Eq. (59). This then gives us
−
√
Λ
3
1
2piσRH
∂2Ψ
∂R2
= i
∂Ψ
∂τ
. (61)
This is just the Schro¨dinger equation for a freely propa-
gating “particle” of mass 2piσRH
√
3/
√
Λ, as we expected
in this approximation. Since RH is only a finite distance
away for an infalling observer we can conclude that quan-
tum effects do not alter the classical result that a collaps-
ing domain wall crosses its own horizon in a finite amount
of proper time.
2. Near the Classical Singularity
In this section we investigate the most important ques-
tion of quantum effects for the infalling observer, when
the collapsing domain wall approaches the origin (i.e. the
classical singularity at R→ 0). The exact value for Rτ is
given in Eq. (45). Near the origin, i.e. in the limit R→ 0
(keeping only the leading order terms) becomes
Rτ ≈ − h˜
R2
(62)
where again h˜ = H/(2piσ), while the Hamiltonian is just
the conserved mass H = M . This implies that, up to the
leading term near the origin, the Hamiltonian is
H = 2piσR2Rτ . (63)
Substituting the asymptotic behavior in Eq. (63) in
the expression for the generalized momentum given in
Eq. (43), we learn that
lim
R→0
Π˜ = 0 (64)
and
lim
R→0
Π˜
2piσR2
= −∞. (65)
This implies that Rτ defined as
Rτ =
√
ΛR2
3
sinh
(
Π˜
2piσR2
)
(66)
near the origin becomes
Rτ =
1
2
√
ΛR2
3
exp
(
− Π˜
2piσR2
)
(67)
Therefore we can write the Schro¨dinger equation as√
Λ
3
piσR3 exp
(
i
2piσR2
∂
∂R
)
Ψ = i
∂Ψ
∂τ
. (68)
In Eq. (68), the differential operator in the exponent
gives some unusual properties to the equation. Note that
if we expand the exponent we can not stop the series after
a finite number of terms but need to include all of the
terms. This means that we need to include an infinite
number of derivatives of the wave function Ψ into the
differential equation. An infinite number of derivatives of
a certain function uniquely specifies the whole function.
Thus, the value of (the derivative of) the function on the
right hand side of Eq. (68) at one point depends on the
values of the function at different points on the left hand
side of the same equation. This is in strong contrast with
ordinary local differential equations where the value of
the function and certain finite number of its derivatives
are related at the same point of space. This indicates that
Eq. (68) describes physics which is not strictly local.
With a simple change of variables we can make this ar-
gument more transparent. If we introduce a new variable
v = R3, Eq. (68) becomes√
Λ
3
piσv exp
(
3i
2piσ
∂
∂v
)
Ψ = i
∂Ψ(v, τ)
∂τ
. (69)
The differential operator in the exponent is just a transla-
tion operator which shifts the argument of the wave func-
tion by a non-infinitesimal amount of 3i/(2piσ). Since the
wave function is complex in general, a shift by a complex
value is not a problem. Therefore Eq. (68) can be written
as √
Λ
3
piσvΨ
(
v +
3i
2piσ
, τ
)
= i
∂Ψ(v, τ)
∂τ
(70)
8The wave function near the origin Ψ(R → 0, τ) is in
fact related to the wave function at some distant point
Ψ(R→ ( 3i2piσ )1/3, τ). At large distances far from the ori-
gin, non-local effects were absent (at least in the approx-
imation we used) as can be seen from Eq. (58) which
gives a linear relation between the generalized velocity
and the generalized momentum. However, in the last
stages of the collapse, when R→ 0, these effects become
important. Eq. (67) contains the generalized momentum
(and thus the derivatives) in the exponent which makes
the Schro¨dinger equation non-local. From Eq. (70) we
see that non-locality depends on the wall surface tension
σ. For light walls (small σ) non-locality is stronger, while
large σ suppresses it. However, the suppression can not
be arbitrarily large since σ cannot be too large either.
Otherwise one would start off inside of the Horizon.
While it is possible that the whole formalism breaks
down at very short distances of the order of Planck
length, it is obvious that there will be a regime in which
non-local effects are important.
Eq. (70) also implies that the wave function describing
the collapsing shell is nonsingular at the origin. Indeed,
in the limit of R→ 0, this equation becomes
∂Ψ(R→ 0, τ)
∂τ
= 0 (71)
where we used the fact that the wave function at some
finite R, i.e. Ψ(R→ ( 3i2piσ )1/3, τ), is finite. From Eq. (71)
it then follows that Ψ(R → 0) = const. Non-singularity
of the wave function describing the collapsing object at
the origin is very important knowing that the origin rep-
resents the classical singularity and it is the source of
most of the problems and paradoxes in black hole physics.
Some consequences will be discussed in conclusions.
VI. CONCLUSION
We studied gravitational collapse of a cylindrically
symmetric BTZ black string (in (3+1)-dimensions) rep-
resented by a thin cylindrically symmetric domain wall
with negative cosmological constant in the context of
quantum mechanics. To do so, we first found the con-
served mass per unit length using the the Gauss-Codazzi
formalism. Due to the structure of the conserved mass,
we identified it as the Hamiltonian of the system. The
Hamiltonian allowed us to solve both the classical and
quantum equations of the collapsing domain wall. To
find the quantum solution, we employed the inherently
quantum functional Schrodinger formalism, which can be
readily incorporated into the Wheeler-de Witt formalism.
A general treatment of the full Wheeler-de Witt equation
is very difficult, thus we employed the minisuperspace
version by truncating the field degrees of freedom to a
finite subset. We examined most of the cases of interest.
In the literature, there exist some arguments that
quantum effects near the horizon might change what an
asymptotic observer would see in gravitational collapse.
In particular, it was argued that quantum fluctuations
can make the collapse time finite for a static outside ob-
server. However, it appears that, at least in the frame-
work of the functional Schro¨dinger formalism, quantum
effects do not change the conclusions of classical gen-
eral relativity, i.e. it takes infinite time according to the
asymptotic observers clock for the collapsing domain wall
to cross its own horizon, similar to the result found for
the spherically symmetric domain wall found in Ref. [14].
This conclusion is only valid in the absence of quantum
radiation. Hawking radiation of course makes the life-
time of the black hole finite and asymptotic observers
will see infalling matter accumulated onto the stretched
horizon (see for example Refs. [15, 16]), thermalized, and
eventually re-emitted as part of the Hawking radiation.
Results from the point of view of an infalling observer
(an observer who is falling together with the collapsing
domain wall) are of special interest. We first investigated
what an infalling observer would see when the domain
wall is crossing its own Schwarzschild radius. To do that,
we explored quantum effects in near horizon limit for
an infalling observer and showed that, in the absence
of quantum radiation, classical conclusions remain true,
i.e. horizon is no obstacle for an infalling observer. This
result is again the same as for the spherically symmetric
case studied in Ref. [14].
Finally, we explored quantum effects near the origin
(i.e. classical singularity) from the point of view of an
infalling observer. There are two important effects to be
mentioned. First, the wave function describing the col-
lapsing shell is non-singular at the origin. This result is
in agreement with those found in Ref. [17] (for a massless
test particle), Ref. [14] and Ref. [18] (when considering a
Reisner-Nordstro¨m domain wall), and contrary to those
found in Ref. [19], where the author used a quantum gen-
eralized affine parameter. The finding of the non-singular
wave function at the origin is also in agreement with the
expectation that quantization will rid gravity of singu-
larities, just as in atomic physics it got rid of the singu-
larity of the Coulomb potential which has an identical
classical 1/r behavior. If the singularity at the origin is
really erased, then most of the assumed properties of the
black holes need to be re-thought. In particular, once
we include quantum radiation, a collapsing object (or a
black hole) will lose all of its energy in finite time. How-
ever, in the absence of the true singularity at the center,
a horizon formed during the collapse can not be a true
global event horizon. In other words, in the absence of
the singularity, a black hole may trap the light and other
particles for some finite amount of time, but not forever
(nor is the information lost down the singularity). This
has profound implications for black hole physics.
Second, the quantum equation that governs physics
near the classical singularity seems to be non-local, as
first seen in Refs. [14, 18] in the context of the func-
tional Schro¨dinger equation. The Schro¨dinger equation
describing the collapsing object contains an infinite num-
ber of derivatives. The dynamics of the wave function at
9a certain point near the origin depends on the value of
the wave function at some distant point. While these
nonlocal effects were absent at large distances far from
the origin, they become unsuppressed in the near origin
regime. Non-local effects we are finding in our approach
may signal two things. It may be that it is a simple
consequence of the fact that the Wheeler-de Witt (or
functional Schrodinger) formalism is only an approxima-
tion of some more fundamental local theory. The other
possibility is that the quantum description of the black
hole physics requires inherently non-local physics. The
answer to this question requires further investigation.
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Appendix A: Check that Mass per unit Length is a
constant of Motion
Here we wish to check that Eq. (29) is a constant of
motion. To do so, we start with Eq. (28). Taking the
derivative of Eq. (28) with respect to τ gives
Mτ =piσR
[
2Rτ (α+ β)
+R
(
1
2α
(Aτ + 2RτRττ ) +
1
2β
(fτ + 2RτRττ )
)]
(A1)
where we used Eqs. (19) and (20). Now from the struc-
ture of the metric coefficients, we can use that
Aτ = RτA
′,
and
fτ = Rτf
′.
Hence we can write the derivative of the mass per unit
length with respect to τ as
Mτ =piσR
[
2Rτ (α + β) +RRτRττ
(
1
α
+
1
β
)
+
RRτ
2
(
f ′
β
+
A′
α
)]
. (A2)
Using Eq. (24) for a domain wall we arrive at
Mτ = 0. (A3)
Hence the mass per unit length is a conserved quantity.
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